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Ev�A\ŝ t� ��bl, kvFfEncy, svA
T
fFlE-Tro
EnEv
�A½nr��dý zR̂ EngEdt�	v�q� �mAt̂ p�cs� .
aAD-(yAd̂ g� EZtAdBF	VDn� q, E�(yA Evã(yAE�tm-
-yA=t\ fo@ym� py�
py
T Gn�n{v\ Dn� 	y�tt, ; 437;

Here vidvān, tunnabala, kav̄ı́sanicaya, sarvārthás̄ılasthira, and nirviddhāṅganarendraru are ex-
pressions for five numbers in the reverse kat.apayādi-sexagesimal system (box 3.1).

Box 3.1. Kat.apayādi system

This system is based on the letters of the Sanskrit alphabet. It was known to Āryabhat.a
who had a different system. The consonants (alphabets) in due succession denote the
numerals, as in the following table.

1 k V p y
2 K W P r
3 g X b l
4 G Y B v
5 R Z m f
6 c t q
7 C T s
8 j d h
9 J D �
0 � n

1 ka t.a pa ya
2 kha t.ha pha ra
3 ga d. a ba la
4 gha d. ha bha va
5 ṅa n. a ma śa
6 ca ta s.a
7 cha tha sa
8 ja da ha
9 jha dha l.a
0 ña na

• The vowels standing by themselves also denote 0.
• Of two conjoint consonants, only the last has numerical significance.
• The numerals may be in direct or reverse order. (The reverse order apparently

found greater favour, according to the maxim: aṅkānām vāmato gati.)
• E.g. bhavat̄ı = bha va t̄ı = 4 4 6 = 644 in reverse kat.apayādi.
• Chronograms may occasionally have an ordinary meaning. This additional

meaning is regarded as an ornament (́sles.a alaṁkāra) to verse, and helps to mem-
orize it.

In sexagesimal notation, a number is to be interpreted in terms of first (kalā), second
(vikalā), and third (tatparā) minutes. Thus, vidvān = vi dvā n = 4 4 0 = 0′′44′′′ (for dvā use
the conjoint consonant rule), tunnabala = tu nna ba la = 6 0 3 3 = 33′′06′′′, kav̄ı́sanicaya = ka
v̄ı śa ni ca ya = 1 4 5 0 6 1 = 16′05′′41′′′, sarvārthásilasthira = sa rva rth ś̄ı la sthi ra = 7 4 7 5 3
7 2 = 273′57′′47′′′, nirviddhaṅganarendraru = ni rvi ddha ṅga na re ndra ru = 0 4 9 3 0 2 2 2 =
2220′39′′40′′′.
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The passage may now be translated.16 The values of the Rsine, as collected together in
the śloka beginning vidvān etc., are given by

vidvān, tunnabala. . . . Successively multiply these five numbers in order by the
square of the arc divided by the quarter of the circumference [i.e., 5400], and
subtract from the next number. [Continue this process with the result so obtained
and the next number.] Multiply [the final result] by the cube of the arc divided
by quarter of the circumference, and subtract from the arc.

In present-day notation, if we denote these numbers, starting from vidvān respectively by
a11, a9, a7, a5, a3, then if s (≡ rθ) is the given arc in minutes, c is the length (= 5400′)
of a quadrant of the standard circle, and jyā = r · sin θ, then the verse corresponds to an
iterative procedure. Starting with vidvān (a11), multiply it by (s/c)2 and subtract it from the
next number: tunnabala ( a9). Again multiply the result by (s/c)2 and subtract from the next
number. Multiply the final result by (s/c)3 and subtract from the arc s, to obtain the jyā.
Thus, the result my be expressed by the formula
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This formula is a numerically efficient way to approximate the sine function by its “Taylor”
polynomial of the 11th order.

There is a similar formula for cosine in the next verse17 beginning with stenah etc., cor-
responding to numerically efficient approximation by its “Taylor” polynomial of the 12th
order.

-t�n, -/FEpf� n, s� gE�Dngn� d̂ Bdý A½B&yAsno
mFnA½onrEs\h UnDnk� d̂B� r�v qV-v�q� t� .
aAD-(yAd̂ g� EZtAdBF	VDn� q, k� (yA Evã(yAE�tm-
-yA=t\ fo@ym� py�
py
T Pl\ -yAd� (�m-yA�(yjm̂ ; 438;

This may be translated:

The six: stena [60 = 06′′′], str̄ıpísuna [2150 = 05′′12′′′], sugandhinaganud [739030 =
03′09′′37′′′], bhadrāṅgabhavyāsana [4234170 = 071′43′′24′′′], mināṅgonarasiṁha
[5030278 = 872′03′′05′′′], ūnadhanakr.dbhūreva [00901424 = 4241′09′′00′′′]. Mul-
tiply by the square of the arc divided by the quarter of the circumference, and
subtract from the next number. [Continue with the result and the next number.]
The final result will be the utkramajyā [R versed sine].
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This corresponds to the formula
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with ak being the six numbers in the reverse katapayādi sexagesimal system, collected to-
gether in the verse beginning with stena. From (3.10), the above numbers correspond to

ak =
r

k!

(π
2

)k
, (3.13)

where r is the radius of a circle of circumference 21, 600 (= 3600 × 60) minutes (r = 10800
π ).

The actual calculation of ak thus requires primarily the value of π. Nı̄lakan. t.ha, in his
Āryabhat.̄ıyaBhas.ya,18 in his commentary on Gan. ita 10, described Mādhava’s subtle value of π
as follows:

s½mg}Amjo mADv, p� nr(yAsàA\ pErEDs\HyAm� ÄvAn̂ –

Evb� Dn�/gjAEhh� tAfnE/g� Zv�dBvArZbAhv,.
nvEnKv
Emt� v� EtEv-tr� pErEDmAnEmd\ jgd� b�
DA,;

The numbers in this verse are according to a different number system, known as the bhūta
saṁkhyā system, which uses word numerals. Thus, netra means 2 because one has two eyes,
veda = 4, gun. a=3, tri=3, etc.19 The quantity nikharva = 1011. Thus, the above verse may be
translated:

Mādhava of Saṅgamagrāma spoke the approximate [āsanna] number of the cir-
cumference of a circle: vibudha [33] netra [2] gaja [8] ahi [8] hutā́sana [3] tri [3]
gun. a [3] veda [4] bhavāran. a [27] bāhavah. [28], i.e., [2,827,433,388,233] is the
measure of a circle of diameter nava [9] nikharva [100,000,000,000].

This corresponds to π = 3.141, 592, 653, 5922 . . ., accurate to 11 decimal places, with the 12th
and 13th places (92 respectively) differing slightly from their accurate value (89). The term
nikharva continues the series, kot.i, arbuda, abja, kharva, nikharva, then in common use for
centuries.20 (This decimal series coming from Vedic times is constant up to the term kot.i =
crore, in current use. From kot.i onwards there are usually variations. Currently, of course, an
arbuda, called “arab” is 100 crores, while a kharva, called “kharab” is 100 arabs.) The more
common kat.apayādi-sexagesimal expression for r is Devo vísvasthal̄ı bhr.guh. , corresponding (in
reverse order) to 34374448 or 3437′ 44′′ 48′′′, which is still substantially more accurate than
Bhāskara I’s figure of 3438′, or Vat.eśvara’s figure of 3437′ 44′′.
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According to Rajagopal and Rangachari, there is a significant discrepancy of −1′′′ in the
value of m̄ınaṅgonarasiṁha, “from its accurately rounded off [value]”.21 What they presum-
ably mean is that if we use the “standard”22 rounding procedure while applying formula
(3.13), then the fourths turn out to be −30, while the fifths turn out to be −49. Thus, the
“standard” rounding procedure would round −49 fifths to −1 fourths, and when this −1 is
added to −30, we should get −31 fourths, which should then be rounded up to give another
−1 thirds. Though this particular example is a bit stretched, and also involves negative num-
bers for which rounding conventions, even today, may vary significantly between mathemati-
cians and computer scientists, we consider the details of the rounding procedure later on.

More to the point, the procedure used to calculate the coefficients explains the degree
of accuracy actually needed for the value of π, to compute the coefficients accurately to the
third minute. If it is accurate to only 7 places after the decimal, then there is an inaccuracy
of 1′′′—in the coefficient nirviddhāṅanarendraru. Thus, an accuracy of at least 8 places after
the decimal point is needed for the calculation of the coefficients. In actual fact, the value
of π stated is accurate to 11 decimal places.

Using the series expansion and the stored coefficients, the actual sine values are com-
puted. These are stated in the Āryabhat.̄ıyaBhās.ya,23 and also in a verse in the Laghuvivr. ti
commentary on the Tantrasaṅgraha.24

��	W\ nAm vEr	WAnA\ EhmAEdý v�
dBAvn,.
tpno BAn� s� Äâo m@ym\ EvE� dohnm̂;
EDgA>yo nAfn\ k	V\ CàBogAfyAEMbkA.
Em}gAhAro nr�fo_y\ vFro rZjyo(s� k,;
m� l\ Evf� �\ nA�-y gAn�q� Evr�A nrA,.
af� E�g� =tA cor�F, fR̂k� kZo
 ng�õvr,;
tn� jo gB
jo Em/\ �FmAn/ s� KF sK�! .
ffF rA/O EhmAhAro v�gâ, pET Es�D� r,;
CAyAlyo gjo nFlo Enm
lo nAE-t s(k� l�.
rA/O dp
ZmB}A½\ nAg-t� ½nKo blF;
DFro y� vA kTAlol, p� >yo nArFjn{B
g,.
k�yAgAr� nAgvSlF d�vo Evõv-TlF B� g� ,;
t(prAEdklA�tA-t� mhA>yA mADvoEdtA,.
-v-vp� v
Evf� �� t� Ef	VA-tt̂K�XmOEv
kA,; 2�9�5;

The numbers here are again in the reverse sexagesimal kat.apayādi notation, and give the
minutes, seconds, and thirds for the 24 sine values. This passage may be translated and the
resulting conversion to present-day notation is given in Table 3.1.

For the sake of comparison, the numbers have also been converted to decimals, and
Table 3.2 gives the comparison with sine values. A computer program was used to generate
the TEX output for this table, to avoid typing errors. It is clear that a minimum accuracy
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of as high as 7 places after the decimal point is maintained for all values, over the entire
quadrant.

Table 3.1: Mādhava’s sine table.

No. Kat.apayādi kalā (′) vikalā(′′) tatparā(′′′)
1 ��	W\ nAm vEr	WAnA\ 224 50 22
2 EhmAEdý v�
dBAvn, 448 42 58
3 tpno BAn� s� Äâo 670 40 16
4 m@ym\ EvE� dohnm̂ 889 45 15
5 EDgA>yo nAfn\ k	V\ 1105 01 39
6 CàBogAfyAEMbkA 1315 34 07
7 Em}gAhAro nr�fo_y\ 1520 28 35
8 vFro rZjyo(s� k, 1718 52 24
9 m� l\ Evf� �\ nA�-y 1909 54 35

10 gAn�q� Evr�A nrA, 2092 46 03
11 af� E�g� =tA cor�F, 2266 39 50
12 fR̂k� kZo
 ng�õvr, 2430 51 15
13 tn� jo gB
jo Em/\ 2584 38 06
14 �FmAn/ s� KF sK� 2727 20 52
15 ffF rA/O EhmAhAro 2858 22 55
16 v�gâ, pET Es�D� r, 2977 10 34
17 CAyAlyo gjo nFlo 3083 13 17
18 Enm
lo nAE-t s(k� l� 3176 03 50
19 rA/O dp
ZmB}A½\ 3255 18 22
20 nAg-t� ½nKo blF 3320 36 30
21 DFro y� vA kTAlol, 3371 41 29
22 p� >yo nArFjn{B
g, 3408 20 11
23 k�yAgAr� nAgvSlF 3430 23 11
24 d�vo Evõv-TlF B� g� , 3437 44 48

This raises various questions. How was the accurate value of π calculated? How were
the power series obtained? Why was such a high level of accuracy required? etc. All these
questions are addressed in the sequel.

Although the series expansion is clearly regarded as indefinite, the values of the coef-
ficients, being given only to the nearest third minute, are tied to the assumption of an
11th/12th order polynomial. Hence, to achieve higher accuracy by using a higher-order
polynomial, it would also be necessary to recompute the above coefficients to the desired
level of accuracy. This was not done, except presumably for demonstration purposes, in the
19th c. CE Sadratnamālā, which computed the value of π to 17 decimal places. The limiting
accuracy of the third sexagesimal minute is clearly set by the practical concerns of timekeep-
ing, which are taken up in the next chapter, and related planetary models (not considered
in detail in this book).
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Table 3.2: Accuracy of Mādhava’s sine table.

No. Mādhava’s sine value Difference
1 0.0654031452 0.0000000160
2 0.1305262297 0.0000000375
3 0.1950903240 0.0000000020
4 0.2588190035 −0.0000000416
5 0.3214394797 0.0000000144
6 0.3826834083 −0.0000000241
7 0.4422886665 −0.0000000237
8 0.5000000000 0.0000000000
9 0.5555702346 0.0000000016

10 0.6087614077 −0.0000000213
11 0.6593458183 0.0000000032
12 0.7071068355 0.0000000543
13 0.7518398680 0.0000000605
14 0.7933533335 −0.0000000068
15 0.8314696287 0.0000000164
16 0.8660254521 0.0000000483
17 0.8968727739 0.0000000324
18 0.9238795632 0.0000000307
19 0.9469301920 0.0000000625
20 0.9659258390 0.0000000127
21 0.9807852980 0.0000000176
22 0.9914448967 0.0000000353
23 0.9978589819 0.0000000587
24 1.0000000000 0.0000000000

The context for the calculation of these trigonometric values within texts, such as the
Yuktibhās. ā, is the calculation of the circumference of a circle while avoiding the extraction of
square roots. We recollect that some 2000 years prior to the Yuktibhās. ā, in ca. −500 CE, the
śulba sūtra-s had given an accurate value of

√
2, and that procedure inheres in the present-

day term “surd” from the Latin term surdus (= deaf), which is a Latin translation of the
Arabic mistranslation of the Sanskrit term karan. ı̄ or karn. a (= diagonal), confused by Arabic
translators with the other meaning of the word karn. a (= ear; hence “bad karn. a” = “bad
ear” = “deaf ”). This method of square-root extraction was used to compute the circumfer-
ence of the circle, hence the value of π, starting with the octagon obtained by cutting the
corners of a square. We recollect that Āryabhat.a, who first stated a general algorithm for
computing square roots, also probably used this octagon-doubling method to compute his
value of the ratio today designated by π. The interesting thing about this octagon method is
that it is distinct from the hexagon-doubling method widely used, from “Archimedes” to al
Kāsh̄ı, to compute the circumference of a circle.25 Historians have also failed to notice that




